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Thomas precession, persistent spin currents and quantum forces
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We consider T-invariant spin currents induced by spin-orbit interactions which originate from
the confined motion of spin carriers in nanostructures. The resulting Thomas spin precession is a
fundamental and purely kinematic relativistic effect occurring when the acceleration of carriers is
not parallel to their velocity. In the case, where the carriers (e.g. electrons) have magnetic moment
the forces due to the electric field of the spin current can, in certain conditions, exceed the van der
Waals-Casimir forces by several orders of magnitude. We also discuss a possible experimental set-up
tailored to use these forces for checking the existence of a nonzero anomalous magnetic moment of
the photon.
PACS numbers: 85.75.-d, 75.76.+j, 71.70.Ej, 81.07.Gf, 85.85.+j, 85.35.-p, 73.22.Gk, 73.63.-b
I. INTRODUCTION
The studies of the electronic spin degrees of freedom,
spintronics, is an active branch of solid state physics.
In particular, spintronics of nanostructures, or nanospin-
stronics, has developed quite rapidly in recent years,1–3
motivated by a number of basic questions on the nature
of nanophenomena as well as by its potential impact on
information technology. The underlying physical mecha-
nism is the spin-orbit interaction of conducting electrons,
which couples their spin degree of freedom to their orbital
dynamics.
One distinguishes the extrinsic phenomena, the result
of spin dependent scatterings on (external) impurities,
from the intrinsic phenomena, arising because of a certain
spin-orbit coupled band structure. There are two basic
dynamical mechanisms underlying intrinsic phenomena
in semiconductors: (i) the Rashba4 coupling due to the
combined effects of atomic spin-orbit coupling and struc-
tured inversion asymmetry; (ii) the Dresselhaus5 cou-
pling due to the bulk crystal inversion asymmetry.
The intrinsic spin-orbit interactions are essential for
many potential applications like spin polarized currents
without magnetism,6 spin field-effect transistor,7 topo-
logical insulator states,8,9 etc. One of the important spin-
orbit effects in nanostructures is the persistent spin cur-
rents arising from the above dynamical sources of asym-
metry, see e.g..10,11
In this article we consider yet another mechanism
for spin-orbit coupling whose origin is the Thomas spin
precession12 –,16 a fundamental relativistic effect. It oc-
curs when the particles acceleration is not parallel to their
velocity, i.e. for any motion of relativistic particles with
curving or winding trajectories. The precession has a
purely kinematical origin since it results solely from the
confined motion of the particles in a sufficiently small vol-
ume. It is not necessary related to impurity scatterings
or other extrinsic17–19 spin-orbit mechanisms. Likewise,
the Thomas precession can occur even for ideal metallic
nanoparticles without Rashba or Dresselhaus couplings.
As we will show below, the Thomas precession will in-
duce persistent spin currents whose dependence on the
spin degree of freedoms and on the quantum spectrum is
different from those resulting from the Rashba-Dressel-
haus couplings.
The inverse asymmetry (the broken P -invariance)
is the cause of spin persistent currents due to spin-
orbital coupling. However, time reversal invariance (T -
invariance) is not broken in this case. This is in com-
plete agreement with the symmetry of pure spin (or other
rotation) equilibrium currents, which are obviously not
P -invariant but are T -invariant. Indeed, any geometric
constraint breaks P -invariance.
A confining strip as an example of geometry in which
there exist the winding persistent spin currents due to
the Thomas precession has been already considered in
Ref.20 in the case of classical Brownian motion.
In this paper we discuss a quantum phenomenon in
nanostructures, whose origin is also the Thomas preces-
sion. In this case the P -invariance with respect to wind-
ing and spin is also absent because of the confined motion
of carriers.
II. THOMAS PRECESSION IN
NANOSTRUCTURES
We consider an ideal and neutral metallic wire as an
example of Thomas precession due to the confinement of
particles. Clearly if the wire were straight, the motion
of free electrons along the wire would have no relation to
precession and spin-orbit interactions. If, however, the
wire is curved into a closed loop, then the motion of elec-
trons along the loop will inevitably produce the Thomas
precession of their spins. Note that there is no electric
field in this case and the wire is neutral and equipotential.
Let us estimate the order of magnitude of spin-orbit ef-
fects resulting from Thomas precession in a loop of nano-
size assuming for simplicity that the loop is a ring. In the
leading relativistic approximation the spin-orbit energy
2from Thomas precession is12,14
Es−o ≈ ~s · (~v ×
~˙v)
2c2
=
v2
2c2
~s · ~˙θ . (1)
Here the over-dot denotes the time derivative, × the vec-
tor product, c the speed of light, ~s the particle spin in
angular momentum units, ~v its velocity and ~θ its winding
angle defined as
~θ =
∫ t
0
~v × ~˙v
v2
dt .
It is the vector sum of all the windings of the particle tra-
jectory (see20). The acceleration of the winding modes
in a ring at constant angular velocity is simply v˙ = v2/r
where r is the radius of the ring. Comparing (1) with
the commonly used estimate e~s · (~v × ~Eeff )/2mc2 of the
spin-orbit energy in an electric field ~Eeff , where e and m
are respectively the charge and the mass of the particle,21
we conclude that the Thomas precession of a free elec-
tron inside a metallic nanoring corresponds to a velocity
dependent effective electric field
Eeff ∼ mv
2
er
. (2)
Typically for electrons in metals the Fermi energy εF is
of the order of several electronvolts (e.g. εF ∼ 6 eV for
Au), hence the Fermi velocity is vF ∼ 106 m/s. Thus, in
the case of nanoring, where r ∼ 10−9 ÷ 10−8 m and the
particle velocity is of the order of the Fermi velocity v ∼
vF , the effective electric field in (2) can be quite large,
i.e., Eeff ∼ 1010 V/m. We conclude that the spin-orbit
effects can be well pronounced in nanorings. Note again
that the electric field is just an ”effective” field arising
from the trajectory windings and there is no gradient of
an electrical potential along a metallic nanoring.
Let us now show that the spin-orbit coupling (1) due
to Thomas precession leads to persistent spin currents.
Note that we are using here a 1d ring and non interacting
fermions to obtain simple estimates, keeping in mind that
we are interested in 2d or 3d nanostructures.
The effective classical Lagrangian of free electrons
which takes into account the Thomas precession is13,16
L = −mc2
√
1− v
2
c2
− ~s ·
 1√
1− v2
c2
− 1
 ~v × ~˙v
v2
(3)
Note that the low velocity expansion of the second term
in the r.h.s of (3) rightly reproduces (1). In the simple
ring geometry we have in general
~v = rθ˙~eθ (4a)
~˙v = −r−1v2~er + rθ¨~eθ , (4b)
where θ is the polar angle, ~eθ and ~er are the polar unit
vectors in the plane of the ring. It follows that for the
ring geometry
~v × ~˙v
v2
= θ˙~ez (5)
where ~ez is the unit vector of the z-axis perpendicular to
the ring, so that the winding angle and the polar angle are
equal, thus denoted by the same symbol θ). We obtain
from (3)
L = −mc2
√
1− r
2θ˙2
c2
−
 1√
1− r2θ˙2
c2
− 1
 sz θ˙ (6)
where sz is the spin projection on ~ez. Note that the
double derivative θ¨ in (4b) does not contribute to the
r.h.s. of (6). Nevertheless the quantization of (6) is
quite non-trivial. Fortunately, in the case of non inter-
acting fermions, we can neglect states above the Fermi
energy assuming for simplicity zero temperature, i.e.
rθ˙ = v ≤ vF << c. Thus, expanding the r.h.s. of (6)
in the small parameter vF /c ∼ 10−2 and dropping the
constant energy −mc2, we obtain
L ≈ mr
2θ˙2
2
− sz r
2θ˙3
2c2
, rθ˙ ≪ c. (7)
The angular momentum pθ plays for (6) the role of a
generalized momentum
pθ =
∂L
∂θ˙
≈ mr2θ˙ − 3
2
sz
r2θ˙2
c2
. (8)
Taking into account that pθ ≪ mrc ≪ m2r2c2/~ (the
second inequality means that the quantum uncertainty
of the velocity ~/mr has to be much smaller than c), i.e.,
θ˙ ≪ c/r≪ mc2/~, we can express θ˙ as
θ˙ ≈ pθ
mr2
+
3
2
sz
m3r4c2
p2θ (9)
Thus, using (7) and (9), the Hamiltonian corresponding
to (6) is
H = pθ θ˙ − L ≈ p
2
θ
2mr2
+
1
2
szp
3
θ
m3r4c2
(10)
Now the standard quantization procedure
pθ → pˆθ = −i~ ∂
∂θ
, sz → sˆz = ~
2
σˆz . (11)
yields the quantum Hamiltonian
Hˆ = − ~
2
2mr2
∂2
∂θ2
+ i
1
4
~
4
m3r4c2
σˆz
∂3
∂θ3
. (12)
Its spectrum has doubly degenerated energy levels
ǫnσz =
~
2n2
2mr2
+
~
4σzn
3
4m3r4c2
, (13)
σz = ±1, n = 0,±1,±2, ...,
3since ǫn,σz = ǫ−n,−σz , and two-component states
Ψn,σz =
1
4π
einθ
(
1 + σz
1− σz
)
. (14)
Eqs. (13)-(14) can be used only for the winding numbers
n satisfying (cf. (7) and (9))
|n| < N ≪ mcr
~
, (15)
where
N ≈ r
√
2mεF
~
(16)
is a natural cutoff fixed by the Fermi energy, i.e. ǫNσz ≤
εF < ǫN+1σz . With r ∼ 1 nm we have roughly N ∼
10 ÷ 100. Hence, N is large but still much smaller than
mcr/~ ∼ 103, and (15) holds. In addition, the spacing
between levels ∼ 0.1 eV i.e. ∼ 1000 Kelvin is such that
the zero temperature approximation is still valid at room
temperature.
To find the operator of the spin current we use again
the standard procedure based on the time derivative of
the spin density observable ~s, see e.g.23–25 (other ap-
proaches are also possible, see e.g.28)
d
dt
~s ≡ d
dt
Ψ†~̂sΨ =
1
i~
[
Ψ†~̂sĤΨ− (ĤΨ)†~̂sΨ
]
, (17)
where Ψ is the wave function. Using (10)–(12), we ob-
tain in the coordinate representation (recall that in our
case the coordinate is the winding angle θ) the continuity
equation
d
dt
si = −1
r
∂
∂θ
Ψ†Jˆθ,iΨ (18)
where Jˆθ,i is the ith component of the spin 1d current
operator circulating in the ring
Jˆθ,i =
1
2
{ pˆθ
mr
− sˆz pˆ
2
θ
m3r3c2
, sˆi
}
=
{vˆθ, sˆi}
2
. (19)
Here {, } is the anticommutator and vˆθ can be viewed as
the spin velocity.
Using the spectrum (13) and the eigenstates (14), we
find that in the leading N−1 approximation the only non-
vanishing component of the spin current density is that
in the z direction
j¯ =
1
r
N∑
n=−N
∑
σz=±1
Ψ†n,σz Jˆθ,zΨn,σz ≈
N∑
n=−N
∑
σz=±1
Ψ†n,σz
~
2σˆ2z pˆ
2
θ
4m3r4c2
Ψn,σz ≈
1
3
~
4
m3r4c2
(
r
√
2mεF
~
)3
(20)
The current is protected by the T -invariance. Indeed, the
current dissipation requires the backscatterings without
spin-flip, which are impossible since the higher winding
numbers are too distant (remember that the energy level
spacings are ∼ 100 ÷ 1000 K). Besides, all the states
below the Fermi energy are occupied. As a result, the
backscatterings with spin-flip contribute only to the same
spin current.
An important fact is that the whole spectrum (13) –
(16) contributes to (20) (except the levels with zero wind-
ing number). Note that one can rewrite (20) as
j¯ ∼ 8π
3
~
mr
N
εF
mc2
~
2
1
2πr
∼ ~
(vF
c
)2 vF
r
(21)
One obtains an estimate for j¯ as a constant times the ve-
locity quantum uncertainty δv ∼ ~/mr, the Fermi level
number N , the relativistic factor εF /(mc
2), the spin mo-
mentum ~/2, divided by the length of the ring 2πr. Thus,
the spin current results from the combination of geomet-
ric, quantum and relativistic effects.
It follows also from (21) that the current density is de-
cays in r, so that it could become negligible at a macro-
scopic scale. If, however, we consider a a ”metamate-
rial”, i.e., a macroscopic sample paved by a big number
of nanorings, then the resulting spin current can be quite
large (a sample area of the order of 1 mm2 can contain
up to 1012 of such nanorings).
It is known that the current of magnetic moment can
produce an electric field decaying as R−3 in the dis-
tance R from the current or as R−2 in the case of spin
rotation22,25). This field ~E can be estimated by using
Lorentz force in the rest frame of the spin, i.e. via the
transformation rules for a magnetic field in the rotating
reference frame
~E ≈ −(~˙θ × ~R)× ~B . (22)
Here ~B is the magnetic field induced by the electron mag-
netic moment in the rest frame and it is assumed that
R ≫ r and θ˙ ≪ c/R, i.e., that the distance from the
ring is much larger than its size and the rotation is slow
enough. In fact the validity of the formula is a rather del-
icate issue (see e.g. the review26 and references therein),
but we believe that the formula provides a correct order
of magnitude in our estimates. Since the magnetic mo-
ment of an electron with spin sz is gµBsz/~, where g ∼ 2
is the gyromagnetic factor and µB = e~/(2m) is the Bohr
magneton, the magnetic field induced by sz in the rest
frame is (cf.22)
~B ≈ −gµ0µBsz
2π~
∂
∂ ~R
Z
R3
, Z = ~ez · ~R (23)
Replacing here θ˙sz by 2πj¯ and using (20)-(23), we obtain
the electric field in the laboratory reference frame
~E ∼ µ0gµB
3rc2
(
2εF
m
) 3
2
( ~R+ 2Z~ez
R3
− 3Z
2 ~R
R5
)
(24)
4This leads to
E ∼ 4µ0µB
3rR2
εF
mc2
vF (25)
so that E ∼ 10−2 ÷ 1 V m−1 at the nanoscale (R ∼
1÷10 nm), i.e. it is comparable or bigger than the electric
field ∼ 10−2 V m−1 obtained10 at a distance 5 nm from
a Rashba ring. It is also worth noting that the electric
field due to Thomas precession may exist in any (not nec-
essarily metallic) nanoparticle which confines magnetic
moments in motion. Note also that (18)-(25) have been
derived for a constant curvature: we believe, however,
that the same conclusions can essentially be reached in
the case of a non constant curvature.
Let us finally compare the electric force FT = eE acting
on the charge carrier due to Thomas spin precession and
the electric force FC due to the van der Waals-Casimir
effect, the only known so far electric force in metallic de-
vices under the conditions of equilibrium and neutrality.
According to29
FC ∼ 7c0
π
~cr6
R8
, c0 =
143
16
R≫ r (26)
It follows then from (25) and (26)
FT
FC
∼ 4π
21c0
eµ0µBvFR
6
~cr7
εF
mc2
(27)
Let R0 be the distance where the Thomas force and the
van der Waals-Casimir force are equal: from (27) one has
R0 ∼
(mc2
εF
~cr
eµ0µBvF
) 1
6
r, (28)
so that taking r ∼ 1 nm one gets R0 ∼ 102 nm. In
other words, Thomas precession forces may dominate van
der Waals-Casimir forces for distances from 102nm and
larger. It has already been mentioned above that using
”metamaterials” (pavements of macroscopic devices by
nanoparticles) one can obtain forces proportional to the
area of the macroscopic sample.
III. ON A POSSIBLE EXPERIMENT ON THE
ANOMALOUS MAGNETIC MOMENT OF THE
PHOTON
We have so far considered electrons because they pos-
sess a non-zero magnetic moment. On the other hand,
photons have zero magnetic moment despite their spin
being 1. Nevertheless, there are theoretical arguments
(see e.g.31,32 and references therein) according to which
the photon has an anomalous magnetic moment µγ . It is
clear, however, that any experimental proof of this fact
has to be fairly sophisticated. For instance, the use of
inhomogeneous magnetic fields for direct measurements
would require extremely strong fields in view of a very
large c and a very small µγ .
We would like to point out that the appearance of an
electric field from the photon magnetic moment due to
Thomas precession could provide a way to check whether
µγ 6= 0.
One has to consider normal (non-persistent) photon
currents. To this end one could use light guides with po-
larized light or recently found 100% reflective materials30
and measure the electric field from the confinement of
light in small volumes. In this case, however, it would be
quite difficult to detect the contribution of the µγ cur-
rent from other possible sources of the electric field. The
idea is to use an initially unpolarized source of light and
two light guides: one with a ”constructive” winding of
light and the other with a ”destructive” (compensating)
winding, as shown in Figure 1.
(a) E 6= 0 (b) E = 0
FIG. 1. (a) – light guide with nonzero spin current due to ”ad-
ditive” winding. (b) – light guide with ”destructive” winding.
The blue and red colors denote opposite spin precessions.
In this case one does not need to separate the contri-
bution of the µγ-current to the electric field from those
stemming from other sources, since the unique difference
in the two light guides is their winding directions, hence
their Thomas currents, and so one has simply to com-
pare their electric fields. To estimate the effect we as-
sume that the refraction coefficient n = c/v of the light
guide medium is 1.5 ÷ 2 (optical glasses, crystals, etc),
where v is the speed of light in the medium. We consider
UV light with a wavelength λ ∼ 100nm and micro-meter
windings with r ∼ 1µm. In this case the spin-orbit en-
ergy of the Thomas precession is still less than the kinetic
energy and we can use the formula
Es−o ∼ v
2
2c2
sθ˙ ∼ ~c
2n3r
≪ ~c
λ
which doesn’t contain µγ . Hence, the effective magnetic
field
B ∼ Es−o
µγ
∼ ~c
2n3rµB
µB
µγ
∼ 10
5
2
µB
µγ
Tesla .
acting on µγ is quite strong.
It follows that Thomas precession could be used in or-
der to detect µγ even if it is very small. Indeed, the
resulting photonic spin current jγ can be estimated as
jγ ∼ ργ~Eso
p
∼ ργ~ λc
n
3r
5where p = h/λ is the photon momentum and ργ is the 1d
photon density. The electric field due to Thomas preces-
sion follows by repeating the same steps as in (24) with
gµB replaced by µγ and j¯ by jγ
Eγ ∼ µ0µγjγ
~R2
∼ µ0ργµγ λc
n
3rR2
.
Therefore, µγ can be detected from the measurements of
Eγ for a sufficiently dense array of curved light circuits.
We can compare the electric field Eγ obtained here and
the electric field E derived above for electrons in a metal
nanoring of the same radius
Eγ
E ∼ ργλ
µγ
µB
( c
vF
)3 1
n
3
We see that a very small value of µγ/µB can be in part
compensated by the cube of the inverse relativistic factor
vF /c.
We have presented above estimates for winding effects
in light guide experiments. Similar effects could as well
show up in the winding of diffuse light and the associated
magnetic moment edge currents for the strip geometry
considered in.20
IV. CONCLUSION
We have shown that the Thomas precession resulting
from the confined motion of spins carriers can generate
some specific persistent spin currents. For the sake of
concreteness, we have considered conducting electrons in
metallic nanorings. It was pointed out, however, that
similar effects can be expected for other spin carriers like
magnons, spinons, ions in gases, etc. The Thomas pre-
cession of magnetic moments can generate electric forces
that are stronger than the usual van der Waals-Casimir
forces in metallic samples. Hence, it seems certainly ap-
propriate to take Thomas precession effects into account
when dealing with metallic nanoparticles. It has also
been suggested that the electric forces due to Thomas
precession can be a possible tool for experimentally test-
ing the existence (see31,32 and references therein) of a
non-zero anomalous magnetic moment for the photon.
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